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Spectra of graphs

o Let [ = (X, E) be a graph with vertex set X and edge set E.

@ Graphs can model objects with relations and are useful in computer
science, physics, chemistry, biology, social sciences, etc.

@ The distance d(x, y) between two vertices x and y is the minimum
length of a path between x and y.

o The adjacency matrix A = [axy]xyex of [ is defined by a,, =1 if
d(x,y) =1 or ay, = 0 otherwise.

@ Spectral graph theory studies the eigenvalues and eigenspaces of (the
adjacency matrix A) of a graph I'.

@ Eigenvalues and eigenspaces have applications in physics, geology,
image processing, epidemiology (basic reproduction number), etc.
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Distance regular graphs

@ Suppose that I is distance regular, i.e., for any integers i,j, k > 0 and
for any pair (x,y) € X x X with d(x, y) = k, the following
intersection number does not depend on the choice of (x,y):

pii=#{ze X d(x,2) =i, d(y,z) = j}.
@ Suppose that I has diameter d := max{d(x,y) : x,y € X}.

@ Then I has d + 1 distinct eigenvalues 0y > 61 > --- > 4.

o The vector space RX := {f : X — R} = RIXl is a direct sum of the
eigenspaces Vg, Vi, ..., V4 of the eigenvalues 0g,601,...,0,.

@ Thus the algebraic and geometric multiplicities of each 6; coincide.

@ The eigenvalues and eigenspaces of I has many nice properties.
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Hamming graphs

e The Hamming graph H(n,e) has
o vertex set X = {wawz---w,:w; € {0,1,...,e —1}} and
e edge set E = {wu : w and u differ in precisely one position}.

e The Hamming graph H(n,2) = Q, is known as the hypercube graph.

1111

Two vertices have distance i iff they differ in precisely i positions.

H(n, e) is a distance regular graph of diameter d = n, whose ith
eigenvalue is 6; = (n— i)e — n with multiplicity dim(V;) = (7)(e —1)".
@ The automorphism group of H(n, e) is the wreath product 6.1 S,,.
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Norton algebra

Orthogonal projection mj - RX = V@ Vi & --- @ Vy — V..
Entry-wise product: (u-v)(x) := u(x)v(x), Yu,v € RX, Vx € X.
Define the Norton product on V; by u*v :=mij(u-v), Yu,v € V.

The Norton algebra (V;, ) is commutative and nonassociative.

The Norton algebras have interesting automorphism groups and are
related to the construction of the monster simple group.

We determine the Norton algebras of certain distance regular graphs.

We investigate the automorphism group of the Norton algebra.

@ We also measure the nonassociativity of the Norton product x from a
combinatorial perspective.
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Nonassociativity of binary operation

Let x be a binary operation on a set X. Let xp, x1, . .

., Xn be X-valued

indeterminates. If x is associative then the expression xp * x1 * - - - * X,
is unambiguous. Example: xg + x1 + - + Xp.

If * is nonassociative then xg * x1 * - - - % x, depends on parentheses.

The number of ways to parenthesize xg * x1 * - - - * x,, is the Catalan

number C, := -1 (°"), e.g., (Co)8_o = (1,1,2,5,14,42,132).

((xo—=x1)—x2)—x3 = X0 — X1 — X2 — X3
(x0o—x1)—(x2—x3) = X0 — X1 — X2 + X3
(xo—(x1—X2))—x3 = x0 — x1 + X2 — X3
xo—((x1—x2)—x3) = x0 — x1 + X2 + x3
xo—(x1—(x2—x3)) = X0 — x1 + X2 — x3

n+1\n

Some results from parenthesizing xg * x1 * - - - % x, may coincide.
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Nonassocitivity measurements

@ Parenthesizations of xp * x * - - - * X, are x-equivalent if they give the
same function from X"*! to X.

@ Define C, , to be the number of *-equivalence classes.

@ Define E*,,, to be the largest size of an *-equivalence class.
((x0—x1)—x2)—Xx3= X0 — X1 — X2 — X3
(x0—x1)—(Xx2—Xx3)= X0 — X1 — X2 + X3
(x0—(x1—x2))—Xx3= X0 — x1 + X0 — X3 p = C_3=4
x0—((x1—=x2)—x3)=x0 — x1 + X2 + X3 C a2
xo—(x1—(x2—x3))=x0 — x1 + x> — X3 ’

G =5

@ Ingeneral, 1 < C,, < C,and 1 < 5*,,, < C,. Moreover, we have
Cin=1,Yn>0 & xis associative & C, , = C,, Vn > 0.

@ Thus C, , and G, measure how far * is from being associative.

e Say x is totally nonassociative if C , = C, (or (17,7 =1),Vn>0.
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Binary trees

Parenthesizations of xg * x1 * - - - * X, <> (full) binary trees with n+ 1 leaves

((x0*x1)*x2)*x3 (x0*(x1%x2))*x3 (x0*x1)*(x2%x3) xo*((x1%x2)*x3) xo*(x1%(x2%x3))

dt) = (3,3,2,1)  d()=(233,1)  dt)=(22,22)  dt)=(1332)  d(t)=(1,233)

Definition

o Let 7, := {binary trees with n+ 1 leaves}. If t, t' € T, correspond to
equivalent paranthesizations of xg * x1 * - - - * x,, then define t~,t'.

o The depth dj(t) of leaf i in t € T, is the number of edges in the path
from the root of t down to i. Let d(t) := (do(t),...,dn(t)).
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Double Minus

Definition

o Define double minus operation a© b := —a — b for all a, b € R.
@ Let Cg ., be the number of distinct results from xo © x1 © -+ © X,
with exactly r plus signs, so Cs 5 := > 0c,<py1 Conr

Theorem (H., Mickey, and Xu 2017)
@ Ifn>1and0<r<n+1 then

("th, ifn+r=1 (mod 3) and n+#2r—2,
Camr = (”Jrrl) —1, ifn+r=1 (mod3)and n=2r—2,
0, ifn+r#1 (mod 3).

n+l__ : o
2 1, if n is odd;

_ 3
@ Forn>1 we have Cs , = {2"+1_2

3 9

if n is even.

v
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A truncated/modified Pascal Triangle

Example (Csp, for n <10 and 0 <r < n+1)

r 0 1 2 3 4 5 6 7 8 9 10 11
Coo.r 1
Coar | 1
Coar 2
Cosr 4 1
Coar |1 9
Cosr 15 6
Co.r 7 34 1
Corr |1 56 28
Conr 36 125 9
Coo.r 10 210 120 1
Cotor | 1 165 261 55
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Double Minus

Definition

o Define double minus operation a© b := —a — b for all a, b € R.
@ Let Cg ., be the number of distinct results from xo © x1 © -+ © X,
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Theorem (H., Mickey, and Xu 2017)
@ Ifn>1and0<r<n+1 then

("th, ifn+r=1 (mod 3) and n+#2r—2,
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v
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OEIS A000975

Definition
The sequence A000975 (A, : n>1)=(1,2,5,10,21,42,85,...) in OEIS
has many equivalent characterizations, such as the following.

0 Ai =1, Apr1 =2A, if nis odd, and A1 = 2A, + 1 if nis even.

@ A, is the integer with an alternating binary representation of length n.
(1 =15, 2=10y, 5=101,, 10 = 10105, 21 = 101015, ...)

21 e .
A o 2n+1 . 2n+2_3_(_1)n . 3 9 |f n s Odd,
@ An= 3 - 6 T ) ontl_o

3

, if nis even.

@ A, is the number of moves to solve the n-ring Chinese Rings puzzle.
n = 4: 0000-0001-0011-0010-0110-0111-0101-0100-1100-1101-1111

@ Bijections between different objects enumerated by A, 7
o Any formula for Cs ,7 (1,1,1,2,3,5,9,16,28,54,99, . ..)
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Hamming graphs

e The Hamming graph H(n,e) has
o vertex set X = {wawz---w,:w; € {0,1,...,e —1}} and
e edge set E = {wu : w and u differ in precisely one position}.

e The Hamming graph H(n,2) = Q, is known as the hypercube graph.

1111

Two vertices have distance i iff they differ in precisely i positions.

H(n, e) is a distance regular graph of diameter d = n, whose ith
eigenvalue is 6; = (n— i)e — n with multiplicity dim(V;) = (7)(e —1)".
@ The automorphism group of H(n, e) is the wreath product 6.1 S,,.
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Norton algebra of Hamming graph

Theorem (H. 2020+)

e Each eigenspace V; of H(n,e) has a basis {r, : u € X;}, where X is
the set of vertices with exactly i nonzero entries.

o Ifu,v € X; then with u + v defined component-wise modulo e,

e Turv Ifu+velX;
e 0 otherwise.

@ For e > 3, the automorphism group of (V;,*) is trivial if i =0, is
isomorphic to G 1S, if i =1 or 316501 if i = n and e = 3, and
admits a subgroup isomorphic to (Ze X ZZ) 1S, if i > 1.

@ The product x on V; is associative if i = 0, equally as nonassociative
as the double minus operation & if e =3 and i € {1, n}, or totally
nonassociative ife=3 and1 <i<norife>4and1<i<n.
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Examples: H(2,3) and H(3,2)

Example (H(2,3))

* ‘ 701 702 Ti0 720 * ‘ 711 Ti2 T21 722
To1 | To2 O 0 0 T11 | 722 O 0 0
T02 0 T01 0 0 T12 0 T21 0 0
10| O 0 m™ O 1 | O 0 72 O
70 | O 0 0 T T | 0 0 0 71

Vi(H(2,3)) Va(H(2,3))

Example (H(3,2))

The Norton algebra V2(H(3,2)) has a basis {7r, 7s, 77}, where
R=1{1,2}, S={1,3}, T = {2,3}. We have

TR*TR =Ts xTs = T7 *T7T = 0,

TR*TS =TT, TS*TT =TR, and 7T xTr = Ts.

v
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Norton algebra of hypercube

Theorem (H. 2020+)
o Each eigenspace V; of Q, has a basis {xs : S C [n], |S|=i}.
e IfS, T C[n] with |S| =|T|=1i then

Xsat If|SAT| =i

* =
XsHXT {O otherwise

where SAT .= (S—T)U(T =95).

e The automorphism group of (V;, ) is trivial if i =0, equals the
general linear group of V; if i > |2n/3]| or i is odd, and admits
&8 /{£1} as a subgroup if 1 < i < nis even (62 = 7,:6,).

@ The product * on V; is associative if i =0, i > |2n/3] or i is odd,
but totally nonassociative otherwise.
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Linear characters and Cayley graphs

o A linear character of a group G is a homomorphism x : G — C* from
G to the multiplicative group of nonzero complex numbers.

@ The linear characters of G form an abelian group G* under the
entry-wise product defined by

(x- X)) == x(g)x'(g) forall x,x' € G*and g € G.

@ Assume G is abelian. Then G* is isomorphic to G and is an
(orthonormal) basis for the space C¢ := {¢: G — C} = CI¢l.

@ Let G be a finite abelian group expressed additively, and let S be a
subset of G — {0} such thats € S = —s € §S.

e The Cayley graph T(G,S) of G with respect to S has vertex set
X =G and edge set E = {xy : y — x € S}.
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Cayley graphs of finite abelian groups

Theorem (Well-known, see [Exercise 11.8, Lovasz 1979])

For any Cayley graph T =T (X, S) of a finite abelian group X, the linear
characters of X form an eigenbasis of I with each linear character x
corresponding to the eigenvalue x(S) := > cs x(s).

(This can be extended to the nonabelian case [Babai 1979, Lovdsz 1975].)

Theorem (H. 2020+)

For any Cayley graph ['(X,S) of a finite abelian group X, we can define
the Norton product x * X' of two linear characters x and X' in the same
eigenspace by projecting the entry-wise product x - X' back to this
eigenspace, and this product satisfies

. / 1 . / e
oy = 4 XX FOCX(S) =X(3)
0, otherwise.
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Some other distance regular graphs

@ The folded cube [J, can be obtained from @, by identifying each pair
of vertices at distance n from each other.

@ The half-cube %Qn can be obtained from the hypercube @, by
selecting vertices with an even number of ones and drawing edges
between pairs of vertices differing in exactly two positions,

@ The folded half-cube %Dn is obtained from @, by folding and halving,

@ The bilinear forms graph Hq(d, ) has vertex set X = Maty o(Fq)
consisting of all d x e matrices over a finite field F; and has edge set
E consisting of unordered pairs of x,y € X with rank(x — y) = 1.

@ Our linear character approach applies to the above distance regular
graphs, as they are all Cayley graphs of finite abelian groups.
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Johnson graphs

The Johnson graph J(n, k) = (X, E) has

o vertex set X = {k-subsets of [n] := {1,...,n}} and

o edgeset E={xy:x,y € X, |[xNy|=k—1}.
For any x,y € X, we have d(x,y) =/ if and only if [xNy| =k — .
We may assume n > 2k since J(n, k) = J(n, n — k) by taking set
complement (|xNy|=k—-1< [x*Ny°|=n—k—1).
The number of vertices at distance r from any vertex is (’;) (”:k).
Thus J(n, k) is a distance-regular graph with diameter d = k.
J(n, 1) is the complete graph K, and J(n,2) is the line graph of Kj,.
The ith eigenvalue of J(n, k) is 0; = (k — i)(n — k — i) — i whose
multiplicity is dim(V;) = (7) — (,").

]
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Grassmann graphs

e The Grassmann graph Jy(n, k) is a g-analogue of J(n, k), with
e vertex set X = {k—dimensional subspaces of Fg} and
o edge set {xy : x,y € X, dim(xNy) =k —1}.
@ Given a vector space V with a quadratic/symplectic/Hermitian form,
the dual polar graph T has

o vertex set X = {maximal isotropic subspaces of V'}, and
o edge set E = {xy :x,y € X, dim(xNy) = d — 1}, where d := dim(x),
Vx € X is well defined and is the diameter of T.

@ The Grassmann graphs and dual polar graphs are distance regular.

@ Levstein, Maldonado, and Penazzi (2009, 2012) determined the
Norton algebra (Vi,*) of the Johnson graphs, Grassmann graphs, and
dual polar graphs.

@ We measured the nonassociativity of (Vy, %) for these graphs (2020).
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Lattice associated with distance regular graph

Theorem (Levstein, Maldonado, and Penazzi, 2009, 2012)

Let T = (X, E) be J(n,d), Jg(n,d), H(d,2) or a dual polar graph of
diameter d. There is a graded lattice L = Lo Ly LJ--- U Lgyyq with
Lo={0}, Ly =X, Lgy1 = 1, such that the fol/owing holds.

(i) There is a filtration N\g C Ay C --- C Ay = RX, where A; is the span of
the functions 1, € RX defined below for all v € L;:

1 ifv<x
1w(x) = )
0 otherwise.
(i) We have Vo = N\g =R1 and V; = AiN A+ fori=1,2,...,d.

(i) The set {V : v € L1} spans Vi, where V := m1(1,) = 1, — |‘§§|1 with

a1 := #{x € X : x > v} not depending on the choice of v.

The above result is still valid for the Hamming graph H(d, e).
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Norton algebra of Johnson graph

Theorem (Maldonado and Penazzi, 2012)

The eigenspace Vy of the Johnson graph J(n, k) has a spanning set
{W,...,Vn} such that if u,v € Ly then

(l—2k>\7 ifu=v
n

2k —
! (G4 V) ifu#v.

n(n—2)

In particular, if n = 2k then the Norton product % is constantly zero on V.

U*xv=

Proposition (H. 2020+)

For n > 2k, the Norton algebra (V1,*) of the Johnson graph J(n, k) is
isomorphic to the Norton algebra (V1,%) of the Hamming graph H(1, n).

v
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Final remarks

@ The Johnson graphs, Grassmann graphs, and dual polar graphs are
not Cayley graphs of abelian groups.

@ How to study the Norton algebra (V;, x) of these graphs for i > 17

@ The eigenspaces of J(n, k) can be constructed by linear algebra
(Burcroff 2017) or representation theory (Krebs and Shaheen 2008)

@ There are many other distance regular graphs, which may or may not
be Cayley graphs. See Brouwer, Cohen and Neumaier (1989) and van
Dam, Koolen, and Tanaka (2016).

@ Recently, Terwilliger (20204 ) obtained a formula for the Norton
algebra V; of all Q-polynomial distance regular graphs.
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Thank you!
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