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Double Minus Operation

» Define binary operationiaeb=—-a —b

» Let Cy, e the number of distinct results with exactly r plus
signs from

xO (S xle ... O xn

» Let Con = Do <r <ns1 Conyr fOrn = 0 which is the total number of
distinct results from the previous expression.

» C,, measures the non-associafivity of the operation e



Example (n = 3)

—(=(=xo = x1) = x2) — x3 ==X — X1+ Xz — X3 -- -
—(=xg— x1) = (=% — x3) =%+ X1 + X + X3 t++ 7+
—(—xo—(—xl—xz))—x3=x0—xl—xz—x3 -
—xo — (=(=x1 — x2) — x3) = =X — X1 — X2 + X3 ---F
—xo — (—x1 — (=x2 — x3)) = =X + X1 — X, — X3 -+ -
Ce,3,0:O N
4
Coz1 =4= (1)
4 4
Co32 = . Ce3:()+()=5
’ 1 4
Coz3 =0
4
Ce,3,4= 1= (4) _



Theorem (Huang, M., and Xu)

Forn>1and0<r<n-+1:

([ (n+1
- if n+r=1(mod 3) and n # 2r — 2;

Ce,n,r = 9 (TL + 1

>_1 if n+1r =1(mod 3) and n = 2r — 2;
r

\ 0 if n+r # 1(mod 3).



Theorem (Huang, M., and Xu)

Forn > 1 we have

(on+1 _4q
r if nisodd
Ce,n — {
2n+1 -2 ) )
— if nis even.
\



Proof by Example

> O+ O+©O =2  O+©O =2 O+(O=>
» Using the binomial expansion:
> (1+2)5= (5) + (O + (9)x2 + (O3 + (O)xt + (82 + (6)xS
> x=1()+ D+G+G)+ Q)+ +()
> x=-1:(g)- (D+E -G+ @O -6)+)
> Add together and divide by 2: () + (0) + (5) + (2)
» Result based on (£1) =1 and 1+ (—1) = 0 (Second Roots of Unity)

» Used Third Roots of Unity to calculate binomial coefficient totals
> 13=1,w3=1(w?)3>=1and 1+ o+ w? =0



Examining Non-Associafivity

» Related to Sequence A000975 in the OEIS (On-line Encyclopedia of Infeger Sequences)
» This sequence is characterized by a recurrence relation.

» This sequence also gives binary operations with alternating ones and zeros.

Al = 1 = 1, = 1x20

Al2) = 2 = 10, = 1x2'+0x2°

AB) = 5 = 101, = 1x22+0x2'+1x2Y

A4 = 10 = 1010, = 1x2340x2%24+1x21+0x2"

A(5) = 21 = 10101, = 1x2*+0x23+1 x22+0x21+1x20

» This sequence occurs in other interesting places.
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