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Introducing the game

Simonson (2022) discussed a similar game:
a carnie offers $5 to you while in a carnival
and asks you to pay $n back, where n is the
number of times you flip a coin until you
have two consecutive heads.

Although it is nice to start with $5, on
average you will lose $1 each time when you
play this game. Why?
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Expected number of flips

Let E be the expected (average) number of flips to obtain HH.

If the first flip gives a tail, we still need another E flips on average.

If the two flips give HT, then we still need another E flips on average.

If the first two flips give HH, then the game ends after two flips.

It follows that E = 1
2(1 + E ) + 1

4(2 + E ) + 2
4 , so E = 6.

What if you are offered to switch roles with the carnie but using HT
instead of HH to end the game? Don’t play since E = 4 now!

Although it takes longer to get HH than HT, it is equally likely to get
HT or HH if either occurs, as it is a 1

2 chance to get H or T after H.
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Truth rests with the minority!
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Fibonacci number

The Fibonacci number is defined by F0 = 0, F1 = 1, and
Fn = Fn−1 + Fn−2 for n ≥ 3: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, . . ..

Let En be the number of outcomes from flipping a coin n times such
that HH occurs exactly once at the end.

E1 = 0, E2 = 1 (HH), E3 = 1 (THH), E4 = 2 (HTHH, TTHH).

For n ≥ 3, we have En = En−1 + En−2, so En = Fn−1.

It follows that the expected value of n is

∞∑
n=1

nFn−1

2n
=

1 · 0
21

+
2 · 1
22

+
3 · 2
23

+
4 · 3
24

+
5 · 5
25

+ · · · = 6.
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Higher order Fibonacci numbers

The Fibonacci number of order k is defined by F k
n = 0 for n < k − 1,

F k
n = 1 for n = k − 1, and F k

n = F k
n−1 + F k

n−2 + · · ·+ F k
n−k for n ≥ k.

We have F 1
n = 1 for n ≥ 0, F 2

n = Fn is the Fibonacci number, F 3
n is

the tribonacci number, F 4
n is the tetranacci number, and so on.

We define a variation by F
k
n = 0 for n < k − 1, F

k
n = 1 for n = k − 1,

and F
k
n = F

k
n−1 + F

k
n−2 + · · ·+ F

k
n−k + 1 for n ≥ k .

It turns out that F
k
n = F k

0 + F k
1 + · · ·+ F k

n .

Jia Huang (UNK) Moments for a generalized coin flip game April 2026 9 / 14



Higher order Fibonacci numbers

The Fibonacci number of order k is defined by F k
n = 0 for n < k − 1,

F k
n = 1 for n = k − 1, and F k

n = F k
n−1 + F k

n−2 + · · ·+ F k
n−k for n ≥ k.

We have F 1
n = 1 for n ≥ 0, F 2

n = Fn is the Fibonacci number, F 3
n is

the tribonacci number, F 4
n is the tetranacci number, and so on.

We define a variation by F
k
n = 0 for n < k − 1, F

k
n = 1 for n = k − 1,

and F
k
n = F

k
n−1 + F

k
n−2 + · · ·+ F

k
n−k + 1 for n ≥ k .

It turns out that F
k
n = F k

0 + F k
1 + · · ·+ F k

n .

Jia Huang (UNK) Moments for a generalized coin flip game April 2026 9 / 14



Higher order Fibonacci numbers

The Fibonacci number of order k is defined by F k
n = 0 for n < k − 1,

F k
n = 1 for n = k − 1, and F k

n = F k
n−1 + F k

n−2 + · · ·+ F k
n−k for n ≥ k.

We have F 1
n = 1 for n ≥ 0, F 2

n = Fn is the Fibonacci number, F 3
n is

the tribonacci number, F 4
n is the tetranacci number, and so on.

We define a variation by F
k
n = 0 for n < k − 1, F

k
n = 1 for n = k − 1,

and F
k
n = F

k
n−1 + F

k
n−2 + · · ·+ F

k
n−k + 1 for n ≥ k .

It turns out that F
k
n = F k

0 + F k
1 + · · ·+ F k

n .

Jia Huang (UNK) Moments for a generalized coin flip game April 2026 9 / 14



Higher order Fibonacci numbers

The Fibonacci number of order k is defined by F k
n = 0 for n < k − 1,

F k
n = 1 for n = k − 1, and F k

n = F k
n−1 + F k

n−2 + · · ·+ F k
n−k for n ≥ k.

We have F 1
n = 1 for n ≥ 0, F 2

n = Fn is the Fibonacci number, F 3
n is

the tribonacci number, F 4
n is the tetranacci number, and so on.

We define a variation by F
k
n = 0 for n < k − 1, F

k
n = 1 for n = k − 1,

and F
k
n = F

k
n−1 + F

k
n−2 + · · ·+ F

k
n−k + 1 for n ≥ k .

It turns out that F
k
n = F k

0 + F k
1 + · · ·+ F k

n .

Jia Huang (UNK) Moments for a generalized coin flip game April 2026 9 / 14



More general results

Theorem (H. 2026+)

Let E (S) be the expected number of flips to obtain a given string S. Then

E (Hk) = 2k+1 − 2 =
∞∑
n=0

nF k
n−1

2n
;

E (HkTℓ) = 2k+ℓ =
∞∑
n=0

nF
k+ℓ−1
n−2

2n
;

E (HkTℓHm) = 2k+ℓ+m + 2min{k,m}+1 − 2;

E (HkTℓHmTd) =

{
2k+ℓ+m+d , if m < k or d > ℓ;

2k+ℓ+m+d + 2k+d , if m ≥ k and d ≤ ℓ.

Problem

How to determine E (S) for an arbitrary S?
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Further generalizations

Instead of a coin, one can use a die with m faces marked 1, 2, . . . ,m.

We can also allow the probabilities of the faces to be distinct.

Even using a fair coin, the starting side is slightly favored
(probability≈ .51) by Diaconis, Holmes, and Montgomery (2007).
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Closed Formula

Definition

Given a finite word S on the alphabet {1, 2, . . . ,m}, let ov(S) be the
set of the overlaps of S , i.e., prefixes that are also suffixes of S .

Given R ∈ ov(S), let |R| be the length of R and P(R) the probability
of R when the die is rolled |R| times.

Theorem (H. 2026+)

We have E (S) =
∑

R∈ov(S)
1

P(R) .

Example

P(H) = P(T) = 1
2 , P(HH) = P(HT) = 1

4 , so E (HT) = 4 since
ov(HT) = {HT} and E (HH) = 4 + 2 = 6 since ov(HH) = {H,HH}.
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Remarks

The Goulden–Jackson cluster method gives the generating function
for words avoiding S as a factor (i.e., consecutive subword).

We connect these words (non-bijectively) to words with S occurring
exactly once at the end to obtain our closed formula.

We also obtain a close formula in terms of set partitions for higher
moments using Faà di Bruno’s formula, a generalization of the chain
rule to higher order derivatives.

The higher moments remain the same when S is reversed.

Our formula for E (S) provides a natural explanation for some previous
results by Janson, Nica, and Segert (2025) on which of two chosen
words will occur more frequently when rolling the die many times.
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The ABRACADABRA Problem

If the monkey randomly types a
capital letter each time, it will take
on average 2611 + 264 + 26 times to
produce ABRACADABRA.

This answer follows immediately from our formula for E (S) if one
uses an unbiased die with m = 26 faces and observes that
ov(ABRACADABRA) = {A, ABRA, ABRACADABRA}.
The ABRACADABRA problem has been studied using probability
with martingales. There might be existing work on the higher
moments via a probabilistic approach, although we cannot find any.
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