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1 Introduction

There is a wonderful article, “Down with Determinants!,” by Sheldon Axler that “shows how
linear algebra can be done better without determinants.” [1] The article received the Lester R.
Ford Award for expository writing from the Mathematical Association of America.

Axler’s article shows how to prove some standard results in linear algebra without using
determinants, but it doesn’'t show how to do calculations without using determinants. My
article will show you two ways to find the eigenvalues of a matrix without using determinants.
The first method (Section 2) uses only row operations; the second method (Section 3) applies
ideas from Axler’s article. A complete description of the second method is in an article by
William A. McWorter and Leroy F. Meyers [2]; | do not know of a reference for the first
method. Section 4 concludes with a method for solving generalized eigenvalue problems.

This article started as class notes for my spring 2005 linear algebra class. Since then, | more
than doubled the length, but | kept some of the original style of the notes.

2 The row reduction method

A numberzis an eigenvalue of a square matiprovidedA — zl is singular. The best way to
determine if a matrix is singular is to reduce it to a triangular form. So it seems that a good
scheme for finding the eigenvalues of a ma&iwould be to find a triangular form &f— z1.

We'll show thatA — zI has a triangular form with a “simple” representation, but finding it
requires a trick. I'll show you how to do it for ax33 matrix. You'll need to convince yourself
that the process can be done for an arbitrary square matrix. To illustrate, let’s try to reduce

1-z 2 1
1 3—-2 1
1 4 —-1-7



to a triangular form. 1z 1, we could use the 1,1 entry as a pivot and do the row operations
R; « Ry — 155R1 andRs + R — 115 Ry. The case= 1 would need to be handled in a separate
calculation. This plan would result in a triangular form that is not simple (multiple cases). A
better scheme would be to swap rows 1 and 2. This gives

1 3-z 1
1-z 2 1
1 4 —-1-7z

Now the 1,1 entry is a nonzero constant; we'll call 1 a good pibeticause it is nonzero and
constant. The row operatiof® «— R, — (1—2)R; andRs < R3; — Ry place zeros below the
diagonal in the first column; thus

1 3-z 1 1 3-2 1
0 2-(1-2(383-2 z |=|0 —2+4z-1 z
0 z+1 —z—2 0 z+1 —2—-z

Now we have trouble. The 2,2 and the 3,2 entries are both bad pivots (they are non-constant).
This time, a row swap will not place a good pivot in the 2,2 position. We could try swapping
columns, but for this matrix it doesn’t help because every entry in the 2,2 sub-fristix

bad pivot. It's time for a trick. We'll try to do a row operation of the foiRa < R, — 6R3

that makes the 2,2 entry a good pivot. What value should we choo$¥ fékfter the row
operation, the 2,2 entry is

(—Z44z—1)—8(z+1).

We'd like the 2,2 entry to be constant and nonzero. Can this be arranged? Certainlypdefine
to be

0= (-Z+4z-1)+(z+1) = —z+5,

where by+- we mean the quotient without the remainder. The row oper&ich R, — (—z+5)R3
yields

1 3-z 1
0 -6 —-Z+4z+10|.
0 z+1 —z—2

We were successful; the 2,2 entry is a good pivot. It's now possible &de Rz + %Rz.
The result is

1 3-z 1
0 -6 —Z2+47+10
0 0 -—%(2-32-8z+2)

IMy students will recognize the terms “good pivot” and “bad pivot.”
2The 2,2 sub-matrix is everything on row 2 and below and everything in column 2 and to the right. This concept
generalizes to the i,j sub-matrix.



This is the echelon form we desired.
The characteristic polynomial is the product of the diagonal entries tim&g, wherek is
the number of row swaps. We did one row swap, so the characteristic polynomial is

2+ 22+ 32+8z-2.

Let’s find the eigenvectors. To start, it might seem that we should first find the roots of the
characteristic polynomial. Any computer algebra system will tell us the solutions, but they are
big ugly messes. Here is one rdot

(VBi+1) (vV29v31i+12v3)7° - 2/3¢/V29v/31i + 12/3- 11y/3i + 11
2v/3V/v/29/31i +12V/3 .

What does a mathematician do when things get unbearably messy? We give the messy thing
a name and push forward. Let’s try this approach.Z.dte an eigenvalue. In the row reduced
matrix, substitute — z;, and use the fact thai — 32% —821+2=0. Now do back substitution

on the matrix

1 3-7 1 1 3-7 1
0 -6 ~Z+42,+10 =10 -6 -—-Z+4n+10|.
0 0 -:(Z-32-8z+2) 0 0 0

Naming the unknowna, b, c, we see that is free. Choosing = 0 makesa= 0 andb = 0.
Eigenvectors must be nonzero, so the chaiee0 doesn’t work. Choosing= 1 gives

1 2 5
b— —6221-1—521-1— é,
1 2 5
a=—(3—2z) (—éz%+ 34+ §) 1.

We could stop now, but the expression #ois cubic inz;. Expandinga and substituting
Z — 323+ 8z, — 2 gives a simpler representation orlt is

2 5 17
—Z2_ Ty _
43273473
The eigenvector is

17 5 2

a —_— R =

3 3 3

bl =| 5 |+z| 5 |+7|-§| (1)
c 1 0 0

wherez; is any eigenvalue. Since the characteristic polynomial has three distinct roots, we
were able to findhll the eigenvectors using only one back substitution!

3You might guess that the imaginary part of this number is nonzero, but it's not. Remember that every cubic
polynomial with real coefficients has at least one real root. Of the three roots of the polynomial, | chose to
display the real root.



Does the row reduction method work when the characteristic polynomial has a degenerate
root? It does, but there is a slight twist. To illustrate, let’s find the eigenvectors of

1 -1 -3
O 2 O
1 1 5
We begin by subtractingl. Swapping rows 1 and 3 gives
[ 1
0
[1- 3
Next, doR3 « R3 — (1—z)Ry; thus
1 1 5-z
0 2—z 0

0 z—2 —Z+62-8 |

Following the trick we did in the first example, we now apply«— R, — 6R3, where
0=(2-2+(z—2)=-1

The resultis

1 1 5-7
0 0 Z2-6z+8
0 z—2 —-Z2+62-8

This time the trick doesn’t make the 2,2 entry a good pivot (the slight twist). Nevertheless,
swapping rows 2 and 3 gives the triangular form

1 1 5-z 1 1 5-z
0 z-2 —Z+4+6z-8/ =0 z-2 —(z-2)(z—4)
0 0 Z-6z+8 0 0 (z-4)(z-2

that we were trying to find. The characteristic polynomial is
z — (z—4) (z—2).

The eigenvalues are 2 and 4. Unlike the first example, we can’t find all three eigenvec-
tors with a single back substitution. Substituting= 2 and solving gives the eigenvectors
-1 -3
1| and | O | . The geometric multiplicity of this eigenvalue is 2 because the 2,2 and the
0 1
3,3 entries of the triangularized matrix have a common root. For this example, the common
root was easy to identify; for more involved problems, it might be necessary to use the poly-
nomial resultant to detect the common roots. [3] Substitudrg 4 gives the eigenvector
-1
0
1



3 Method of McWorter and Meyers

Our second method comes from “Computing eigenvalues and eigenvectors without determi-
nants,” by William A. McWorter and Leroy F. Meyers. [2] After reading just two pages out
of ten, | had a slap-on-the-forehead moment. The article uses an idea that I've used to prove
theorems, but | had never connected the idea to a computational method.

Here is the idea. LeA be a square matrix, and bebe any nonzero vector. Find the greatest
integerm such that the set

{x, Ax, A%x,..., A" 1x}
is linearly independent. There are scalags. ..,an_1 such that
(0ol + 01A+ A% + -+ a1 AT+ A x = 0.
Equivalently, there are scalazgs . . ., z,, such that
(A—2l)(A—2z7gl)--- (A—znl )x = 0.
Either(A—z]l)--- (A—zyl )X is an eigenvector oA with eigenvaluez, or
(A—zl)---(A—1zml)x=0.
The left side of this equation isreontrivial linear combination of thénearly independenget
{x, A, A%x, ..., A™Ix}. Thus(A—zl)--- (A—2zml)x # 0. This shows thatA —z1) - - - (A— zml )X

is an eigenvector oA corresponding to the eigenvalag
Let’s try this method on the example we worked using the row reduction method. Let

12 1
A=1]1 3 1
1 4 -1
1
Choosexg = | 0], and do row reduction on the matrix with columxs Axg, A2xg, A3Xo.
0
We have
1 1 4 18 11 4 18 1 00 -2
015233 ~|01 5 23] ~|01 0 8
01 4 20 0 0 -1 -3 0 01 3

From this we discover thaixg — 8Axg — 3A%Xo + A3xg = 0. Consequently,
(21 —8A—3A%+A%) xg=0.
Factor this as

(A—Zl|)(A—22|)(A—23|)Xo = 0,



wherezy, 7, andzz are zeros of the polynomial— 2 — 8z— 3722+ Z°. The eigenvector corre-
sponding to the eigenvalueg is

73— 73— 2>+ 4
(A—2l)(A—2z3l)xo = —23—20+5
—23—22+4

Showing that this vector is parallel to [see Eq. (1)]

_1r
3

% +Zl % +221 -3 )
1 0 0

_3 2
3 3

is an algebraic nightmare. I've been able to verify it numerically, but | have not been able to
prove it.

4 Generalized eigenvalues

Let A andB be square matrices with the same size. A complex numl®eia generalized
eigenvaluef (A, B) providedA — z Bis singular. Determinants give a quick characterization of
the generalized eigenvaluess a generalized eigenvalue @, B) provided detA—zB) = 0.

Can the computational method given in McWorter and Meyers be extended to find gener-
alized eigenvalues? Can Axler’s proofs be modified to develop a theory of generalized eigen-
values without resorting to determinants? | don’t know. But | do know that the row operation
method given in this article can be used to find generalized eigenvalues. Again, | demonstrate
this by way of an example.

Let's find the generalized eigenvalues(f B), wher¢

12 3 10 1
A= |4 5 6/,B=1[0 1 0.
780 10 1

We need to row reduce

1-z 2 33—z
4 5-z 6 |.
7—z 8 9-z

Swapping rows 1 and 2 and eliminating in the first column yields

4 5-z 6

0 —§+%Z+§1 243
3 3

0 —%+32-7 33

4WhenB is invertible, the generalized eigenvalues AfB) are the eigenvalues @B~2. In this example, the
matrix B is singular.



To eliminate in the second column, it would be advantageous to swap the second and third
columns. Doing so would place first degree polynomials in the 2,2 and 3,2 positions. Instead
of swapping columns, let’s try to proceed as before. The quotient (without remainder) of the

2,2 entry divided by the 3,2 entry is 1. Thus we do the row operd&jon R, — R;. The result

is

4 5-z 6
3 3
> 222_72 3 33
z
0 —%+32-7 3-3

The second column still does not have a good pivot. What do we do? We use our trick again,
but this time, we apply it to the third row. (The 3,2 entry has the greatest degree.) The quotient
of the 3,2 and the 2,2 entries3g!. The row operatiolR; < R; — 2R, gives

4 5-7 6
3 3

07—723.

0 2 4

Finally, the second column has a good pivot. Swapping the second and third rows, and elimi-
nating in the second column gives the triangular form

4 5-z 6
0 2 4
0O 0 3z

The only generalized eigenvalue is 0. As a check, we have

1-z 2 33—z
det| 4 5-z 6 | =24z
7—z 8 9-7z
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6 Conclusion

As presented in linear algebra books, all computations, except eigenvalues, rely on row reduc-
tion. Why should the eigenvalue problem be any different? This article shows how to solve
both eigenvalue and generalized eigenvalue problems using a pure row reduction method.

One method that is not discussed in this article is due to Bareiss. [5] His method reduces a
matrix to triangular form, but it changes the determinant. For example, applying his method
to the matrix

1-z 2
3 4-z



yields the triangular matrix
1-z 2
0 Z-5z-2|

Based on the triangular form, it might seem that 1 is an eigenval é oﬁ , but it is not.

You may download software (written in Maxima [4]) for the row reduction method from
my web page. [6]
I end with a quote from Sheldon Axler: “Down with determinants!”
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